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Abstract 

In a previous paper we showed that Weyl equa- 
tion possess superluminal solutions and moreover we 
sho-wed that those solutions that are eigenstates of 
the parity operator seem to describe a coupled pair 
of a monopole anti-monopole system. This result 
suggests to look for a solution of Max-well equation 
Qpoc _ —gj' with a current J' as source and such 
that the Lorentz force on the current is null. We 
first identify a solution -where J" = 7^ Jm is a space- 
like field (even if F is not a superluminal solution of 
the homogeneous Max-well equation). More surpris- 
ingly we find that there exists a solution F of the 
free Max-well dF — that is equivalent to the non 
homogeneous equation for F°°. Once this result is 
proved it suggests by itself to look for more general 
subluminal and superluminal solutions ^ of the free 
Max-well equation equivalent to a non homogeneous 
Max-well equation for a field with a current term 
as source -which may be subluminal or superluminal. 
We exhibit one such subluminal solution, for -which 
the Dirac-Hestenes spinor field ip associated the elec- 
tromagnetic field 5^0 satisfies a Dirac equation for a 
bradyonic neutrino under the ansatz that the cur- 
rent is ce^"' -with g the quantum of magnetic 
charge and A a constant to be determined in such 
a -way that the auto-force be null. Together -with 
Dirac's quantization condition this gives a quantized 



mass spectrum (Eq. p^ 'l for the neutrinos, -with the 
masses of the different flavor neutrinos being of the 
same order of magnitude fEa.(|50p) -which is in accord 
-with recent experimental findings. As a last surprise 
we show that the mass spectrum found in the pre- 
vious case continues to hold if the current is taken 
spacelike, i.e., ce^'' gV'>7'^'0> -with ■(/'>, in this case, 
satisfying a tachyonic Dirac-Hestenes equation. 

1 Maxwell Equation and Neu- 
trinos 

In a previous note we recalled that Weyl equation 
satisfied by a Weyl spinor field that is an eigenvec- 
tor of the parity operator seems to describe a cou- 
ple monopole anti-monopole system (CMAMS) prop- 
agating together. If this is indeed the case than the 
coupled system must be solution of a Max-well equa- 
tion -with a dipolar magnetic current and such that 
in order for the CMAMS to be stable the resulting 
Lorentz force on the CMAMS (at least classically) is 
null. We use the same notations and conventions as in 
[5j|4] . All phenomena is supposed to be -well described 
in Minko-wski spacetime containing a preferred iner- 
tial frame eliminating causal paradoxes and break- 
ing active Lorentz invariance g]. Then, the Maxwell 
equation describing the system we are interested is 



9F°° = -g7V„, = g*J„ 



(1) 
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where gG K denotes magnetic charge, F°° e 
secf\^T*M ^ secCe{M,g), J„ G secf\^T*M G 
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sec C£{M,g). Moreover, d is the Dirac operator act- 
ing on sections of the Chfford bundle of differen- 
tial forms Ci{M, g) and * stands for the Hodge star 
operator. Now, the Lorentz force acting on J,„ is 
F = Jm J ★ F°° and we want that 

F = J„,j*F°° =0. (2) 

Let {e^ = d/dx^} be an orthonormal basis for 
TM where (x°, x^, x^, x^) = (t,x,y, z) are coordi- 
nates in the Einstein-Lorentz-Poincare gauge natu- 
rally adapted to the inertial frame Bq — Let 
{7'^} be a basis for T*M dual to the basis {e^}. 
Write Jm — Pml^ ~ jmiY and introduce engineer- 
ing notation (using the well known fact that the even 
sub-bundle Ce°iM, g) ofCi{M, g) is isomorphic to the 
Pauli bundle) writing 

= \Ff,,YY = E„,-iBoo (3) 

with 

= =Boo+iEo,. (4) 

Projecting F in Eq.Q in the Pauli bundle selected 
by the inertial reference frame Cq we gei0 

-^7° = jm 'Boo-lPmBoo +jm X E^), (5) 

and we immediately realize that we can have F = Q 
if Jm is a spacelike or a timelike current. For the first 
case it exists an inertial reference frame where the 
current is transcendent i.e., where pm = 0, jm 7^ 0, 
but this is not, of course true in any reference frame. 
Thus to have = we need in the general case 

jm = foEoo, Eoo'Boo = 0, (6) 

which force us to take Boo = 0. This means that in 
Eq.(IT]) we must take 

F-' = Eli^^o.7"Y = Elii^o.T,. (7) 

^The Euclidian scalar product will be denoted by the sym- 
bol 

■^We take = d/d'xS' = d/dt as that system and say that 
the CMAMS is transcendent. 



We now write Eq.((T]) in the Pauli algebra associated 
to the inertial frame for the case of a spacelike current 
and in the reference frame where it is transcendent. 
We have using that pm = and 6 = 1, 

^bEUFon'Y, (8) 
and thus 

Jm = {EliFo.7"Y)l = F-'j". (9) 

Then Eq.([T]) becomes 

dF"^ = -g75F°°7". (10) 

It is quite clear that in the reference frame where the 
current is transcendental its support for each instant 
of time is and in that frame we suppose that F°° 
is static, i.e., it is not a function of t. Under these 
conditions we can write Eq. ((TU)) as 

- Y7°a.ELi^^o.T, = giELi^^o.T, (11) 

or yet, 

VEoo^giEoo. (12) 

Finally observing that the total electric charge den- 
sity involved in our problem is always null we must 
have V • Eqo = and thus Eq. ([T2l) can be written 

- i(V A Eoo) =2gEoo. (13) 

Taking into account that — i(V A Eqo) :=V x Eqo we 
end with the surprising result that the CMAMS elec- 
tromagnetic field satisfies a force free equation, i.e., 

V X Eoo = 2gEoo. (14) 

Applying the Vx to both members of that equation 
we get taking into account that V • Eqo = that 

V^Eoo + g'Eoo = 0. (15) 

If we suppose that the possible values of the magnetic 
charge obeys Dirac quantization condition, i.e. eg — 
n/2, n € Z, then it results that the possible values of 
g^ is also quantized. 
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Our surprises did not end yet. Indeed, we now 
show that a free electromagnetic field can simulate 
Eq.([T]). In order to show this result write 



F ^ F°° exp(75mt) 

— Eoo cos mt — iEoo sin mt 
= E + iB. 



(16) 



Recalling again that the density of magnetic charge 
for a transcendent CMAMS is null we immediately 
realize that 

V»E = V»B = 0, 

VxE+— B = 0, VxB-— E = 
at at 

i.e., dF = 0. 

Then, taking into account that F°° is independent 
of time we can write 

TTlOO 



d{F°° cosmt) = +Yd{F°^ smmt), (17) 



getting 



(18) 



and since 7'' A = we have that 'y^F°° = 
70jF°°+7"AF°° = -i^°^L7" = -F°°-f° and Eq.([T^ 
becomes 



- to2f°° = 0. 



(19a) 
(19b) 



Eq. (|19ap is exactly Eq. ([T]) , the Maxwell equation sup- 
posed to describe a CMAMS with a spacelike current 
(by Ea. (|19al) ') once we take into account (in appro- 
priate units) m to be proportional to g , i.e., 



TO = 



(20) 



Remark 1 In what follows we will see that in our 
theory the proportional factor f can take only a dis- 
crete set of values thus determining a discrete set of 
neutrinos mass values. 

Remark 2 Another very interesting fact is the fol- 
lowing one. Let {e^ = d/dx^} he a basis for 



TM where {x^ , , x'^ , x^) = {t,x,y,z) are coordi- 
nates in the Einstein- Lorentz-Poincare gauge natu- 
rally adapted to the inertial frame eg = d/dx'^ mov- 
ing with respect to Cq, i.e., 
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eo 



eo 



V 



In that frame we have that 



63- 



(21) 



F = F°° exp[7^ 



mt 



mVz 



F°° eyipij^ujt ~ kz)], 



(22) 



and of course lu'^ — k"^ — rn^ , i.e., we have a sublumi- 
nal free electromagnetic field configuration. But, of 
course the magnetic current associated to F°° con- 
tinues to be superluminal. 

This result suggests us to look in an arbitrary ba- 
sifH {fp = ^/^x^'} of TM (where {x°,x\x^,x^) = 
(t, X, y, z) are coordinates in the Einstcin-Lorentz- 
Poincare gauge naturally adapted to the inertial 
frame cq = d/dx^) for solutions of the free Maxwell 
equation 

9? = 0, (23) 

describing subluminal and superluminal neutrinos, 
i.e., such that Eq.(|23|) be equivalent to another non- 
homogeneous Maxwell equation for with a sublu- 
minal or superluminal magnetic current source, but 
in both cases the Lorentz force being J„ij5o — 0. 

To simplify our task we suppose that the solution 
we are looking for is propagating in the z-direction of 
the inertial frame eo at speed v associated with the 
phase of the duality rotation. By this statement we 
means that our solution must have the form 



5^ = S^o exp[-7^(tjt - kz)] = S'oe^ 



-7 X 



(24) 



with K = ujj^ — kj^ and x = ~ kz. We have two 
cases that need to be analyzed: (i) — uj'^ — k^ ~ 



.2 



TO^ and (ii) ^ ^ 

(i) and (ii) we write respectivel}0 



kl^ 



TO?,. For both cases 



<-^^e-r'x< 



(25) 



•^The dual basis of {e^} is denoted in what follows by {7''}. 
■^The notation even if confused at a first sight will becomes 
obvious in a while. 
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The equivalent Maxwell equation for {^q ) has a 
superluminal (subluminal) magnetic current k<S^q — 
K^j^Q {k^^q = k>j3^q ). Indeed, for 5^5" we have 
from Eq.dM]) that 

dS^=-l'n^^^, (26) 

which means that 5^5" must also satisfy the tachyonic 
Klein-Gordon equation, 

d^d^ - m%d> = 0. (27) 

For the case (ii) the equivalent equation for is 
again 

5?o< - -7'^>^o^ (28) 
but now it has a subluminal magnetic current 
'*>5^o ~ ^>j5^o since Eg . ([25)) gives a bradyonic 
Klein-Gordon equation, i.e., 

+ mld^ = 0. (29) 

To obtain a solution satisfying Eas. (P5| 

and ((29l) . we introduce a Hertz potential II^ S 
sec /\'^T*M e secC^(M,g) satisfying □n> = such 
that the electromagnetic potential is A-^ — —611^. 
Thus since SA-' = and ^ — dA-^ it follows that 
d^-^ = 0. The Hertz potential satisfies — and 
we look for solutions of the form 

n> = $>(a;, y)e'^'("'>*"'=>"^B, (30) 

where B is a constant 2-form. It follows that 

-w?.$>(x,2/) exp[7'5([j>t- fc>z)]B 
-V2$>(x, y) expi-y^uyt - fc>z)]B 
+fc?.$>(x,2/)exp[7^(w>i- fc>z)]B = 0. (31) 

Then, if we choose 

V2$>(a:,y) =m?.$>(x,2/) (32) 

where means the 2-dimensional Laplacian we get 
the desired dispersion relation, i.e., 

iol -kl = -ml, (33) 



and "Sq satisfies Eq. ip^ . a bradyonic Klein-Gordon 
equation. 

On the other hand to obtain a solution satis- 
fying Eq. (P7)) . we introduce a Hertz potential n< = 
$<(x,2/)e'>'^^">*~'^>^)B, repeat the above steps but 
impose that V2$<(x,?/) = — m^$<(x,y). 

Thus, we have proved as stated above that the 
free Maxwell equation has solutions with a brady- 
onic dispersion relation, which is equivalent to an- 
other Maxwell equation with a tachyonic magnetic 
current and also has a solution with tachyonic disper- 
sion relation which is equivalent to another Maxwell 
equation with a bradyonic magnetic current. We now 
analyze the case of the bradyonic current associated 
to a coupled monopole anti-monopole pair (i.e., the 
subluminal neutrino) . The analysis for the other case 
is similar, and conduces to the same mass spectrum. 

2 Neutrino Mass Spectrum 

It remains to answer a crucial question. What kind 
of spinor field is associated with a subluminal ( or a 
superluminal) field J^Jl? 

The answer is that since S'q 7^ 0, we must associ- 
ated to ^0 a Dirac-Hestenes spinor field [2] whose 
representative in the spinorial frame associated to 
eo is ■(/' G sec C£°(M, 5). Moreover, we assume that 
ipip 7^ 0, which means that ip has the following de- 
composition 

V> = g^/^e^^"/^R, (34) 

where p and /? are scalar functions and for each space- 
time point X, R{x) € Spin\ 3 since we want to write 
for the field of each neutrino flavoiH in Gaussian units 

5o = (35) 
mc 

where e is the electronic charge and m is a mass pa- 
rameter to be determined experimentally. We return 
to Ea. (|26p which we write from now on in Gaussian 
units as 

d^o = —J- (36) 
c 

^To simplify notation in this section 5^ is denoted 5o- 
^That it is always possible to write 5o ^ in Ea. ll35l l is 
proved in j^. 
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Under the above conditions we can show [51 |B] that 
Ea. (l36l) is equivalent (once we impose a very reason- 
able constraint to match the number of degrees of 
freedom with the ones of ip) to the following Dirac- 
like equation, 



2„,1 



Ac 



Kc 



h p 



(37) 



where the scalar functions A and K are given by 

k^^-S, K = VL- (7^5'), (38) 

with 5' = ^R-/^"f^R, n = vf'n^, vt' = (Rj^R) ■ Y 
and 

= 2{d,,R)R. (39) 
In [6] by taking K ~ {) and A m (the mass 



of the electron), J™ = cg(j)Y(j) (with 



-I3r 



and considering the muon and the tau as excited 
states of electron (containing pairs of monopole anti- 
monopole) , we determine the spectrum of the lepton 
family (giving the electron mass) using Dirac's quan- 
tization condition with e = e/3 as minimum charge 
(e being the electronic charge). We found the val- 
ues 105.5 MeV and 1785 MeV for the muon and tau 
masses, respectively. 

Here instead we take A = and determine K by 
imposing the ansatz 



(40) 



where A is to be determined in such a way that the 
auto-force J J^o = 0. At once we find that this im- 
plies 

A = ^ ± riTT (41) 

and without loosing generality we take in what fol- 
lows \ — j3. 

Then, after some algebra we get 

9^7V = ^^7o + 7'^V'7o (42) 



where 



i\:sin/3-|- — cos/3 



TO2 = (^K COS /3 +—sm (3^ 



(43a) 
(43b) 



We now impose that mi = 0, which implies that 
.a„^ = -l(M)^ (44, 

Then 

m2 = . 45 



We take again the value e — e/3, and use Dirac's 
quantization condition (a is the fine structure con- 
stant) 

71 

ge/3hc=-. (46) 

With the use of Eq. , the Eq. (gS)) becomes {m^^^ = 
1122) 



nil. 



4:0.^ 



(47) 



Now, if the neutrino are massive particles then the 
allowed values of n € Z in Eq. (l47l) must satisfy K > 
3mn/2a and we write 



K = 3m7V/2a, 



(48) 



for some constant N, which does nt need to be an 
integer. Then the spectrum is 



_ 3m (N^-'^ 
2a VjV2+n2 



(49) 



So, our formula for the spectrum depends on two pa- 
rameters m and N, but what is really important to 
emphasize here is that the allowed masses for the pos- 
sible neutrino mass flavors are all very near, which 
seems to be in agreement with recent experimental 
data [7_. Since there exists three different flavors we 
take provisorily, in order to get an estimative of the 
masses N = 3. Under the constraint given in [7' that 
the masses of the neutrinos is less than 0.28 eV we 
get m = 1.97 10"'* eV and the neutrino masses results 

= 0.12 eV, m^^ = 0.10 eY,...,m^^ = 0.056 eV. 

(50) 

Remark 3 We observe that with the values given 
in Ea.(|50p we have m^^ — to^^ = 4.4 10"^ and 
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"i/i "1-^ = 6.86 10" , „.^^ „.^^ 
which altough not equal to published data are of 
the same order of magnitude, but more cannot he in- 
ferred here because the mass formula is very sensitive 
to the values of the parameters. 



Now, returning to Eq. ip^ we get 



-'07O- 



(51) 



This is a Dirac equation for a bradyonic neutrino 
since the fohowing Klein-Gordon equation holds {ip — 

V'<) 



d 



l>< = 0. 



(52) 



Remark 4 Note that if neutrinos are tachyonic par- 
ticles satisfying 



V'> = 0, 



(53) 



we may find a mass spectrum identical to the one 
given by Eq. (|49p following .steps analogous to the ones 
that lead to Eq.^J^. We choose 

2Treh , n ^ r 

^> - V'>7VV'>, 

mc 

use mi = 0, but now take J — ce^'^ gV'>7'^'0> ("^ 
superluminal current). We arrive to the following 
corresponding tachyonic Dirac- Hestenes equation for 

- m .. r 

(54) 



n 



Thus i/)> satisfies Eq. (j53p . 

We observe that the mass spectrum found for the 
neutrinos is compatible (with reasonable choice of the 
parameters of the theory) with the recent experimen- 
tal results [7] showing that the sum of the masses of 
the known flavor neutrinos is less that 0.28 eV (95% 
CL), for Ea.(|T7l) show that the masses for the dif- 
ferent flavours do not differ very much, the lightest 
neutrino having a mass less than 0.056 eV. However 
under these conditions our mass spectrum is not com- 
patible with the data of the OPERA experiment that 
(if reliable) gives a tachyonic muonic neutrino mass 



of 120 MeV. Finally, it is necessary to mention that 
the idea that monopoles are excited states of the neu- 
trino was first proposed by Lochak [T], but he never 
obtained results as the ones described above. 
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